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The study of discrete velocity models of the Boltzmann equation was initiated by 
broadwell (Phys. Fluids 7 (1964) 1243-1247), and then developed by Catignol 
(Lect. Notes in Phys. Vol. 36, Springer-Verlag, Berlin/New York, 1975). In a 
previous work (Proc. Japan Acad. 61 (1985), 252-254), we singled out a class of 
discrete models by introducing the notion of regularity. The Cauchy problem 
associated with regular discrete models can be solved in the sense that global 
solutions exist for initial data near equilibrium. It is shown in this paper that we are 
richly supplied with regular discrete models. To prove this, we restrict ourselves to 
the simple discrete models with the symmetry group S,. Finally the simplicity of 
Cabannes’ 32-velocity models in proved. 0 1989 Academic PI~SS, hc. 
1. INTRODUCTION 
Our purpose in this paper is to develop the basic facts about the discrete 
models of the Boltzmann equation. It is clear that the discrete Boltzmann 
equation is derived essentially in the same spirit as in the original 
Boltzmann equation. This is confirmed by inspection of the collision term. 
Indeed, the derivations of these equations are based on the same assump- 
tions. Nevertheless, we feel that the similarity between these equations is 
not clarified sufficiently as yet from mathematical view point. One of the 
problems is to show how a system described by the discrete Boltzmann 
equation can approach the equilibrium. A sufficient condition for this was 
formulated as the stability condition for Maxwellians in [8]. This property, 
together with the irreducibility and the invariance under the symmetry 
group of the model, leads to the concept of regularity for the discrete 
Boltzmann equation associated with the model. (See also [5].) Our primary 
concern is then to show that there exist enough regular models. (We say 
that a model is regular if the associated iscrete Boltzmann is regular.) To 
this end, it is convenient to have a notion of simplicity for the discrete 
model. This means that the model is described by a set of algebraic integers. 
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All the concrete models known until now have this property. We give in 
Section 2 the precise definition of the simplicity of the discrete model. Then 
we prove the existence of an algorithm that determines whether a given 
simple model is regular or not. This theorem provides the ground on which 
we base the use of the computer in checking the validity of the regularity 
for a given simple model. 
It is readily seen that a finite group of isometries is uniquely assigned to 
each discrete model in a natural way. This is a subgroup of the three 
dimensional orthogonal group O(3) and is called the symmetry group of the 
model. The regular discrete models can be classified in terms of these 
groups. Among the finite groups of O(3), there are seven distinguished 
groups, nanM5 A,, S,, A,, A, x {I), S, x (I>, A, x {I}, and &A,. 
Here, A,, S,, and A, are the tetrahedral, octahedral, and icosahedral 
groups, respectively; A, X {I }, S, X {I }, and A, X { I } are the direct 
products of these groups with {I}, that is, the group of order two generated 
by the central inversion I; $A, is a mixed group. (We use the notations in 
[3].) Let G be a finite group of isometries. Then, it can be shown that there 
exist infinitely many regular discrete models with the symmetry group G if 
G is one of the following groups: A,, A, x {I}, S, X {I}, A, X {I}, and 
$A,. (See [9-111.) We shall prove in the present paper that the same result 
holds for G = S,. As a preliminary, we construct in Section 3 two models 
whose symmetry groups are S,. These are the 48- and 54-velocity models. 
The proof of the result mentioned above is given in Section 4. We are 
unable to show the same result for G = A,. It is hoped that this problem is 
solved in the near future. We discuss in Section 5 Cabannes’ 32-velocity 
models. We shall see that there models are simple in the form presented 
originally by Cabannes. To prove this, a certain quartic field is used. This 
fact seems to have its own interest. We chose in our previous work a 
different Cartesian coordinate system for treating these models, which led to 
a quadratic field. (See [5].) This is not surprising because the concept of 
simplicity depends on the choice of the Cartesian coordinate system. 
2. SIMPLE DISCRETE MODELS AND THE REGULARITY 
Let ui, . . . , urn be the velocities, i.e., the constant vectors in the velocity 
space W 3. We assume as usual that the linear span of { ui, . . . , u, } coincides 
with R 3 and that there exists at least one collision. (See [7] for the definition 
of the collision.) The number m is called the order of this model. The 
associated discrete Boltzmann equation is given as 
(I;;:), + ui. v,l;;: = : C { A~F,& - Af-jQ#, i=l ,..., m, (2.1) 
j,k,l 
MODELS OF THE BOLTZMANN EQUATION 255 
where t 2 0 is the time, x E R3 is the space variable and the unknown 1;1 
is the distribution function of the particles with velocity ui. We write 
F = (F,, . . . , Fm)T. We denote by Vi the M x m diagonal matrix with 
diagonal elements u/, . . . , u,$ namely, 
Vj= diag(u{,...,oi), j = 1,2,3. (2.2) 
We denote by Qi(F, F) the right side of (2.1) and set Q(F, F) = 
(Q,(F, F), . . ., Q,(F, F))T. Then (2.1) is rewritten as 
F, + i VjFx, = Q(F, F). (2.3) 
j-1 
The nonnegative constants A:! are assumed to satisfy 
A!! = A!! = A? ‘/ f’ ‘I and A;; = A$ 
for any i, j, k, 1. We assume also that A:; is positive if and only if 
( ui, uj) + ( uk, uI) represents a collision. 
Now we give the definition of the simplicity of the discrete model of the 
Boltzmann equation. 
DEFINITION 2.1. A discrete model M = { ul, . . . , II,,, } is said to be 
simple if the following properties are satisfied. 
(1) The Cartesian coordinates of the velocities ui, namely, the ui are 
algebraic integers. 
(2) The collision term Q(F, F) is irreducible. 
(3) Let G be the symmetry group of M. Then the collision term 
Q(F, F) is invariant under G. 
The irreducibility is sometimes referred to as the indecomposability. The 
precise definition is as follows: Let 9( ui) be the set of collisions whose 
initial states contain ui and let S(uj) be the set of collisions whose final 
states contain uj. If 9(ui) n S(uj) is not empty, we set Cij = 1. Otherwise, 
Cij = 0. We say that the discrete model M is irreducible when the m x m 
matrix (Cij) is irreducible. 
We recall here some of the basic concepts concerning the discrete 
Boltzmann equation. One is the summational invariant and the other is the 
P-set. Let 4 = ($Q, . . . , +,,,)T E W”’ and let 
for any i, j, k, 1. Then (p is called a summational invariant. The set of all 
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summational invariants forms a nontrivial subspace M of R m. Note that 
& z W” since we assumed the existence of collision. Let J be a subset of 
M = { ul,. . . ) urn}. Then J is called a P-set in the strict sense if there exists 
a unique plane II such that uj E J if and only if the endpoint of uj lies on 
II. Let {et,..., e,} be the standard basis of W”. Let MJ be the subspace 
of R” spanned by {e,; uj E J}. The stability condition for (2.1) is formu- 
lated as follows: 
ArnJv; = (0) foranyJE9. 
Here, 9 denotes the totality of P-sets in the strict sense. (See [5, 71, for 
details.) The global solutions of (2.1) near equilibrium are shown to exist if 
the stability condition is assumed to hold. 
The definition of the regularity of the discrete model is as follows. 
DEFINITION 2.2. A discrete model M is said to be regular if the 
properties (2), (3) of Definition 2.1 and the following property (4) are 
satisfied. 
(4) The stability condition holds. 
We shall see the computability of the stability condition for the simple 
discrete model by the next theorem. 
THEOREM 2.3. Let M = { ul, . . . , urn} be a simple discrete model. Then it 
can be decided by afinite number of arithmetic operations in Z whether A4 is a 
regular model or not. 
ProoJ: First we consider the enumeration of the P-sets in the strict 
sense. Let { ui, uj, uk} be an ordered triplet of velocity vectors. We assume 
for simplicity that there exists a unique plane on which the endpoints of ui, 
uj, and ok are lying. The equation of this plane is given by 
u1 - Uf u2 - vi’ u3 - u; 
u; - uf ui’-0; upui’ =o. (2.4) 
IJ; - uf 0; - v’ v; - ui’ 
Here, v = ( ul, v2, u3), ui = (u:, vf, VT), and so on. We write (2.4) as 
Au’ + Bv2 + Cu3 + D = 0. (2-5) 
Note that at least one of the coefficients A, B, C, D does not vanish by 
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assumption. We denote by K the smallest algebraic number field containing 
the u/. Then A, B, C, and D are the elements of the ring of (algebraic) 
integers in K. Let 1 I 1 I m and let 1 # i, 1 #j, 1 # k. We substitute 
u = u, into the left side of (2.5) and ask if the equality holds or not. The 
computation needed is the integral arithmetic. Repeating the same proce- 
dure for other values of 1, we find out a P-set in the strict sense. We 
continue the computation for another triplet of velocity vectors and obtain 
finally a complete list of the P-sets in the strict sense. The duplications in 
the list should be eliminated. 
The enumeration of the collisions is much easier. The details are omitted 
here. Since the coefficients of the defining equations of the summational 
invariants are either 1 or -1, a basis of the space & of summational 
invariants can be obtained by a finite number of arithmetic computations. 
Finally we check the stability condition by using a basis of .M and the list 
of the P-sets in the strict sense. This reduces clearly to computing the ranks 
of a finite number of matrices whose entries are rational integers. Briefly, 
whether or not the stability condition holds for the given discrete model M 
is decided by a finite number of additions, subtractions, and multiplications 
of the elements of Z. 
3. THE 48- AND 54-VELOCITY MODELS 
We give in this section two regular discrete models whose symmetry 
groups are the octahedral group S,. Since S, is a subgroup of S0(3), it does 
not contain the central inversion I. This causes some difficulty in construct- 
ing regular models with the symmetry group S,. 
We take a cube with its centre at the origin of the velocity space R3. Let 
the coordinates of the eight vertices of the cube be ( &- 2, f 2, + 2). Then we 
consider the snub cube (dextro) inscribed to the above cube. We denote by 
ur, . . . , uz4 the vertices of the snub cube and set M = { ur,. . . , Q}. The 
coordinates of the uI’s will be given later. &It is clearly an element model 
with the symmetry group S,. (A model is said to be an element model if the 
moduli of the velocities are the same.) We notice that the snub cube has two 
kinds of faces. One is the regular triangle and the other is the square. We 
look at the six squares that are the faces of the snub cube and take the 
midpoints of the edges forming these squares. We denote by z+, . . . , u4s 
these midpoints of the edges and set M2 = { uz5,. . . , u4s}. M2 is also an 
element model with the symmetry group S,. Let us set ZVr = MI u M2. 
Then ZVr is a model of degree two. (The degree of a model is the number of 
different moduli of velocities.) We call iVr the 48-velocity model for 
simplicity. Next we denote by ud9,. . . , us4 the centres of the six faces of the 
cube circumscribed to the snub cube. These six points are also the centres 
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of the squares that are the faces of the snub cube. We set M3 = 
{U 49, . . . , q4}. Let N2 = Mi U M, U M3. Then N, is a model of degree 
three. This is called the 54-velocity model. The symmetry groups of N1 and 
N2 are S,. 
We shall see that the models Mt and M2 are described by a certain cubic 
field. Let h be the unique real root of f(x) = x3 + x2 + x - 1 = 0. Let 
Q(h) be the algebraic number field obtained by the adjunction of X to the 
rational field Q. Since f(x) is an irreducible polynomial in Q[x], Q(h) is a 
real cubic field. All the coordinates of the ai’s are expressed in terms of 
(1, X, X2}. (See, e.g., [6].) Let us write ~1 in place of A2 in the following. 
Then we have 
Ul = (w&4 
U3 = (-2h,-2/.4,2), 
u5 = (-2/4,-2X,-2), 
U7 = (2pA -2), 
U9 = (Lx&& 
Ull = (2, -2h, -2/J), 
U13 = (-2,-2/t,-2X), 
UlS = WJp,W 
u17 = (2PJJA), 
u19 = WPJ, -2X), 
I+ = (-2x,-2,--2/h), 
U23 = @A, -wp), 
u2 = (-hb2w), 
U4 = (zp, -2x,2), 
4 = (2&-2/b-2), 
u8 = (-2&2/b-2), 
UlO = (2, -&bw 
%2 = WP, -2X), 
$4 = 6-2A --2/J), 
(3.1) 
$6 = (-2, -2&2/4, 
+? = (%2, -3-4 
u20 = WV, -2/-h 
U 22 = (-2/J, -2,w, 
U24 = (21.1, -2, -2X). 
The fact that (1, h, r} forms an integral basis of Q(x) is not trivial. To 
show this, we proceed as follows. Let K = Q(A). Let DK be the discrimi- 
nant of K and let D(l, A, p) be the discriminant of X. (Note that p = X2.) 
It is well known that D(l, X, cl) = DK. a2 for some positive a E Z. If 
a = 1, then (1, A, p} is an integral basis of K, and vice versa. We obtain 
D(l, X, p) = -44 = - 11 . 22 by a simple computation. Therefore, it suf- 
fices to show that 2 divides D,. But 2 divides DK if and only if 2 is ramified 
in K. We set h(x) 5 f(x + 1) and observe that h(x) satisfies Eisenstein’s 
criterion with p = 2. Let Y be the unique real root of h(x) = 0. Then it is 
evident that Q(V) = Q(h) = K. Hence, K is an algebraic number field of 
Eisenstein type with respect to p = 2. We deduce from this fact that 2 is 
totally ramified in K. This completes the proof. 
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It follows from (3.1) that 
u25 = 0 - P, x + p,2), 
‘27 = (-x + PL, -A - &2), 
%9 = (A - P, -A - p, -2) 
u31 = (-A + p, A + p, -2) 
u33 = (2, x - PL, x + p), 
u35 = (2, -A + p, -A - p), 
u37 = c-2, x - p, -A - p), 
u39 = (-2, -A + p, h + p); 
u41 = 0 + P,2, A - p), 
u43 = t--x - p,2, -A + p), 
u45 = (-A - p, -2, x - p), 
u47 = (A + PL, -2, -A + p), 
We have also 
u26 = (-A - PL, x - &2), 
‘28 = (A + p, -A + &2), 
u30 = (A + P, x - p, -2) 
‘32 = (-A - p, -A + /et, -2) 
u34 = (2, -A - p, x - #IA), 
u36 = (2, x + p, -A + p), 
U38=(-2,A+/bX-& 
(3.2) 
2440 = (-2, --A - p, -A + p), 
u42 = th - 11,2, -A - CL), 
u4.4 = (-A + l.42, A + p), 
u46 = tA - p, -2, x + p), 
u48 = (-A + p, -2, -A - jk). 
u49 = ww u50 = (o,o, -2), us1 = (2,0,0), 
u52 = (--2,0,0), u53 = (0,2,0), Us4 = (0, -2,o). (3-3) 
The collisions in the models Ni and N2 are listed in Appendix 1. Let A, 
and A2 be the spaces of summational invariants for Ni and N2, respec- 
tively. Then, JY1 C R48 and J?, c W54. It can be shown that dim JXt = 
dim A2 = 14. We shall give particular bases of JY, and .M2 in the next 
section. The stability condition defined in Section 2 is checked by using the 
computer. We conclude that the 48- and 54velocity models are the regular 
discrete models. Each model has S, as the symmetry group. 
4. MODELS WITH THE WMMETRY GROUP S, 
It is our aim in this section to show the existence of intinitely many 
regular models with the symmetry group S,. To this end, we construct in 
the first place the 66-velocity model, which will be the starting member of a 
series of models. This model is an extension of the 48- and 54-velocity 
models studied in Section 3. We recall that the snub cube used for defining 
Ni and N, is inscribed in a cube whose eight vertices are given as 
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(_+2, _+ 2, k2). We take the midpoints of twelve edges of the cube and 
denote them by Use,, . . , ue6. More precisely, we have 
u 55 = (%l,l), u56 = (0, -l,l>, U57 = (0, -1, -I), 
U58 = (O,l, 4, U59 = (LO, l), U60 = (1~0, -I), 
‘61 = (-l,o, -I), U62 = (-1,&l), U63 = (l,l,O), (4.1) 
+i4 = (-l,l,O), +,5 = (-1, -I$), L166 = (1, -1,o). 
Let M4 = {Use,..., ua} and let N3=MlUM2UM3UM4. We call Ns 
the 66-velocity model. We define M,, MS,. . . inductively by using the 
method given in [lo]. For example, M, consists of the eight vertices of the 
cube. We set Nk = Ml u M2 U . . . U Mk+l for k 2 4. Note that the sym- 
metry group of Nk is S, for k 2 1, whereas Mk has the symmetry group 
S, x {I} for k 2 3. 
We examine the mixed collisions in the 66-velocity model. (A collision is 
not mixed if the velocities contained in the initial or final states have the 
same modulus.) Let (ui, jj) e (u,, u,) be a collision and its restitution. Let 
ui E M,, U, E MS, uk E M,, uI E M6, where 1 I i, j, k, 1 s 66 and 1 I 
(Y, /3, y, 6 s 4. The case where (Y, p, y, 6 2 3 is rather trivial. This is a mixed 
collision of M3 and M4. The list of such collisions is given in [lo]. Hence we 
assume in the following that either 1 or 2 is contained in (Y, p, y, S. 
Case 1. We assume that only one of (Y, p, y, 6 coincides with either 1 or 
2. Let a = 1 or 2 and let /3, y, 6 2 3. Let ek be the square of the modulus 
of the velocities in Mk. Then, by conservation of energy, we have e, t ea = 
e, + e,. Evidently, es1 eY, es E k, while e, E K\ Z. Indeed, ei = 8X + 4~ 
and e, = 2 + 4X + 2~. This is a contradiction. Hence such a collision 
cannot occur. 
Case 2. We assume that two of 01, p, y, S coincide with either 1 or 2. 
This case is classified into (a), (b), and (c): (a) two of (Y, p, y, 6 coincide 
with 1; (b) one of (Y, /3, y, 6 coincides with 1 and one of them coincides with 
2; (c) two of (Y, j3, y, 6 coincide with 2. We find easily a contradiction for 
(b). But cases (a) and (c) lead to a contradiction only when we assume that 
(Y = p = 1 or (Y = /I = 2 and note the energy conservation. Therefore, we 
must examine the cases (a)’ ly = y = 1 and (c)’ a = y = 2. We now take 
account of the momentum conservation, ui + uj = uk + uP Here i, k E Ml 
(resp. i, k E M,), i # k, and /3, y ;r 3, if we consider (a’) (resp. (c)‘). It 
follows at once that ui - uk = u, - u,. The right side is in H3. Let Tl = 
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{u; - uk; i#k, l<i,k<24} and let T2={ui-uk; i#k, 25si, 
k I 48). Then, T,, T2 c K3. But at least one of the three components of an 
element of Tl or T2 is not in Z. Briefly, T,, T2 c K 3 \ Z 3. This is verified by 
making the lists of T1 and T2. Hence the left side is not in iZ3. This is a 
contradiction. Case 2 cannot occur. 
Case 3. We assume that three of a, p, y, 6 coincide with either 1 or 2. 
This case is classified into (a), (b), (c), (d): (a) three of LY, p, y, 6 coincide 
with 1; (b) two of LX, p, y, S coincide with 1 and one of them coincides with 
2; (c) one of OL, fi, y, 6 coincides with 1 and two of them coincide with 2; 
(d) three of (Y, p, y, 6 coincide with 2. We find easily by using the energy 
conservation that (a), (b), and (d) lead to contradiction. Hence we consider 
(c). If we assume that (Y = 1, p = y = 2, 6 >_ 3, we are led also to a 
contradiction. Let (Y = p = 2, y = 1, 6 2 3. Then we have 2e, = e, + e, 
from the energy conservation. It follows that e, = 2e, - e, = 4. Hence we 
have 13 = 3; such collisions are already known in the study of the 54-veloc- 
ity model. (See Appendix 1.) 
Case 4. Let (Y, p, y, S be either 1 or 2. This means that the collision is a 
mixed collision of M, and M,. Such collisions are considered in studying 
the 48-velocity model. (See Appendix 1.) 
The above observation enables us to enumerate all the collisions in the 
66-velocity model. In passing, we give the definition of the genus of a mixed 
collision. This is the number of different moduli of velocities in a mixed 
collision, that is, the number of different element models that have concern 
with a mixed collision. In the 54- and 66-velocity models, there exist mixed 
collisions of genus three. These are the collisions of (M,, M3) e (M,, M2). 
Now let A3 be the space of summational invariants of N3. Then, 
J? c R66. It turns out that dim M, = 15. We give a basis of J?, in the 
foiowing. Let ui = (u:, ~12, ~3) E K3 and let 
u) = ‘q + 7p + @, i = 1,2,3, 
for 1 I j I 66. We define &, . . . , +(9) E W66 by 
p = f! 
J J’ 
p = ql. 
J J’ 
(#&3) = l! 
J J’ 
cp!4’ = g 
J I’ 
p = q? 
J I’ 
4,!6’ = (2 
J J’ (4.2) 
(p!” = g 
J J’ 
(#p’ = 73. 
J J’ 
$)!9’ = c3 
J I’ 
Here 1 I j I 66 and #‘) = (+\I), . . . , ~&a), 1 I I I 9. These are the sum- 
mational invariants related to the momentum conservation. Next we define 
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+w), ,#ll) 
, ,#W E R66 by 
i 
f; (1 <j I 24) 
(#)(‘O’ = 
I 0 (25~j148) 
-fj (49 Ij 566) 
i 
c$; (1 1j_<24) 
gp) = 
J 
0 (251js48) 
-<; (49 <j 566) 
(4.3) 
i 
[i’ (1 <j<24) 
p’ = 
J 
0 (25Q148) 
-(i’ (49 sj 566). 
It can be shown that @lo), c$(“), +u2) E AX3. These are the extra sununa- 
tional invariants. Finally, we define +(13), $(14), +(i5) E W66 by 
1 (1 <jr 24) 
(p(13) = 
0 (25sjs48) 
J -1 (49 Ij 5 54) 
0 (55 sj 5 66) 
0 (1 rj124) 
#‘4’ = 
1 (25 1j148) 
J 2 (49ljI54) 
0 (55 Ij 566) 
P-4 
gn = 
i 
0 (lIjI54) 
J 1 (55 Ij 5 66). 
These summational invariants correspond to the mass-energy conservation. 
We can show that & , . . . , @us) are linearly independent. Since dim A3 = 
15 is proved by using the list of the collisions of N,, we conclude that 
{ p, . . . , &‘)} forms a basis of A3. We obtain a basis of Ai (resp. M2), 
namely, the space of summational invariants in Ni (resp. N2) by omitting 
+(15). In this case, 1 sj _< 48 (resp. 1 ~j < 54) and hence #15) reduces to 
the null vector. This agrees with the fact that dim Ai = dim M2 = 14. The 
stability condition for N3 is verified by using the computer. We conclude 
that the 66-velocity model is a regular discrete model. Now let Ak be the 
space of sununationaI invariants in Nk. k 2 4. Then, by employing the 
same argument as in [lo], we can show that dim Ak = 15 for k 2 4. Since 
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each Nk, k 2 4, is an extension of N3 and dim J#, is constant for k 2 3, 
the stability condition holds also for Nk, k 2 24. To prove this, we apply 
the same argument as in [lo]. The results in Sections 3 and 4 are summa- 
rized in the following theorem. 
THEOREM 4.1. Let k 2 2 be an integer. Then the totality of regular 
discrete models with the symmetry group S, contains a model of degree k. 
5. CABANNES' 32-VELOCITY MODELS 
We discuss in this section the 32-velocity models in its original form 
presented by Cabannes. We shall see that these models are described by 
algebraic integers in a certain quartic field. Therefore, Cabannes’ 32-veloc- 
ity models are simple models in the sense defined in Section 2. Note that 
the regularity of the 32-velocity models has been shown in [5] by studying 
the models equivalent o them. (Two models are said to be equivalent if one 
is obtained from the other by a dilation after a rotation around the origin.) 
In contrast with Cabannes’ original models, these models are described by a 
quadratic field. First we give the analytic expressions for the Cartesian 
coordinates of the 32 velocities. (See [2].) 
for 1 Ij I 5, 
for6 ~j I 10, 
for 11 Ij 220, 
i 
(2j - 1)~ 
vj = &,2fiycos 
5 
,2fiy sin (2j 3 l)n) 
for225jI26, 
vi = -vi-6 for 27 <j I 32. 
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Here we neglected a constant multiple for simplicity. The parameter y 
equals one of the four values given below: 
(5.2) 
Now let 
1+6 , 
7=2* 
,0=\15+2& (5.3) 
Let 5 = exp(2Ti/20). Then, u = 5 + {-‘. We denote by Q(a) the algebraic 
extension of Q obtained by the adjunction of u to Q. Q(a) is a real quartic 
field. Moreover, Q(u) is the maximal real subfield of Q(c). Let H[uJ be the 
set of all elements of Q[u] of the form a,,~“* + a,~“‘-’ + . . . +a,,, where 
a,, a,, . . .t an* E Z. Then it turns out that Z[u] is the ring of (algebraic) 
integers of Q(a). (See [12, Proposition 2.161.) This implies that (1, u, u*, u’} 
is an integral basis of Q(o). On the other hand, we observe that r = u2 - 2 
and that p = u3 - 2~. Hence, 
where 
(5.4) 
(5.5) 
Since det A = - 1, we conclude that (1, 7, u, p} forms also an integral 
basis of Q(u). We shall show that the Cartesian coordinates of 32 velocities 
given as (5.1) are the elements of the ring of (algebraic) integers of Q(a). To 
MODELS OF THE BOLTZMANN EQUATION 265 
be precise, let y = yi. Then we obtain by a simple computation that 
ul= (p,2u - p, -1 + 24, 02 = (P, -a,3 - d, 
uj = (p, -u, -3 + 7) u, = (p,2a - p,l - 24, 
us = (P, --&7 + 2P,O), us = (2u - p, -u + p,2 + 7), 
UT = (2u - p, -p, -1 + 24, u* = (2u - p, -p,l - 24, 
ug = (2u - p, -u + p, -2 - T), UlO = (20 - PJ%O), 
uj = -u,-10 for 11 <j 220, 
U 21 = (30 - PAO), 
(5.6) 
U 22=(-u+f3, -20 + p, -1 + 24, 
U 23 = (-0 + P,2tJ - 2P,O), 
U 24=(-u+& -2u + p,l - 24, 
U 25 = (-u + p, -u, -3 + 7), u2(j = (-u + p,o,3 - T), 
uj = -Uje6 for 27 I j I 32. 
Similar results for other values of y are given in Appendix 2. In deriving 
(5.6) from (5.1) we used the expressions of cos(kr,/5) and sin(krr/5) 
(k = 1,2,..., 10) in terms of 1, 7, u, p and that 
S-6 
T 2 
=p-u, \is = 2u - p. 
In concluding this section, we give the definition of the rank of the 
discrete velocity model. Let M be a simple model and let 9 be the set of 
simple models equivalent to M. To each model, we assign the degree of 
extension of the algebraic number field obtained by adjoining to Q all the 
algebraic integers used for describing the model, namely, the Cartesian 
coordinates of the velocities. The rank of M is defined to be the minimal 
value of these degrees of extension, the minimum being taken over all 
models in 9. 
Now the ranks of the 32-velocity models are at most two, as was shown 
in [5]. But it is evident that the 32-velocity models cannot be described by 
H. Therefore the rank is two for any one of the four 32-velocity models. It 
should be emphasized that, nevertheless, the Cartesian coordinates given as 
(5.6) can be utilized as well for checking the validity of the stability 
condition. In doing this, we use the relations such as 
T2 = 1 + 7, ru = p, rp = u + p, 
u2 = 2 + 7, up = 1 + 37, p2 = 3 + 47, 
(5.7) 
We note finally that the models considered in Section 3 are of rank three. 
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APPENDIX 1 
1. 36 collisions of MI: 
(1119%) + (u*, u4), 
(uz, 4 * (u19, uz), 
(us* 43) * (%I, 4, 
(h,U,) a (U69%)7 
(UlO? UlS) 8 (Ul,,%), 
(u13* 4 d (449 U16), 
2. 36 collisions of M2: 
(111, u6) * (%, ‘23), 
(u2, UT) * (%,1(14), 
(1149 %) @ (“lll u16)9 
(%,1(11) * (11107 Uld, 
(Ull, %4) * (U189 49 
(u17, %I @ (%t %I), 
(UX? u*J * (u42, %I, 
t”26, %2) a c”43, u45), 
(ux3, %I) * (u41, u47), 
(439 %5) * t”34, %6)* 
(%9 u37) * (u42, u4*)9 
(u41, u43) * (u42, u44), 
3. 48 mixed collisions of Ml and M2: 
($9 %6) Ti (%, h,), (u1r u27) * (1149 u25)* 
c”3? %I) * (‘4, ‘26)~ t”5, %O) F? t”69 %2), 
t”6, %l) d (+, ‘29), (%%z) e (u*, %>~ 
($9 45) * (UlZ, %)9 (UlO, %I * (Ull, 49 
(1(13, %8) @ (%4* %O), t”13, %!3) * t”169 %)* 
(1115, %O) # (1(16, %3)~ t”17, u42) * (‘18, ‘44)* 
(48, u43) * (%1 U,l), (499 4.4) * (%I39 u4*)* 
(UZl? u47) * (%4, u45), (uzz, u47) * (u239 u45)9 
4. 6 collisions of M3: 
(Ul,d 8 (2112, u15), 
c”3, u6) @ t”lO, ‘13)~ 
(u499) * (1117, %4)1 
(%, u16) FL (%CJ, %3)* 
(u1*9 Uld e (%Y u*4)1 
(419 4 e (%29 1124). 
(u259 u31) a t”36t %), 
(u*n 4 a (11349 ho), 
(%,Ud * (%5,%9), 
(u33, %I * (%4Y%5)9 
(%69 %O) a t”43, u4,), 
(u459 1147) 8 (46, U48). 
(u*, %7) $ (US? %5)1 
(4,%1) @ (% %!a), 
(%, %4) * t”lO, 96)~ 
(u1** $6) @ (h2, %4)7 
(1(14? 4 * (1115, u37), 
(1117, u43) * (uxl, f44l)r 
(u*1, 46) @ (un, U48)7 
(u23, u4g) * (u,,, 4. 
(us19 42) T+ (%3,%4). 
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5. 48 mixed collisions of MI, M2, and M3: 
APPENDIX 2 
1. Case y = y2: 
q = (da - p, -1 + 24, 
u3 = (p, -(I, -3 + T), 
“5 = (P, -2% + 2&O), 
07 = (2a - p, -p, -1 + 27), 
u9 = (20 - p, -u + p, -2 - 7), 
vi = -“j-10 for 11 I j I 20, 
V 22 - - (0, u - P,2 + 7), 
u*4= u,u ( - P, -2 - 7), 
V 26 = (ud, -1 + 24, 
2. Case y = y3: 
"2 = (P, -073 - 7), 
u4 = (p,2u - p,l - 2T), 
0, = (20 - p, -0 + p,2 + T), 
53 = (20 - p, -p,l - 27), 
"10 = (20 - PaJ,O), 
“21 = k-u + 2PAO), 
u23 = (6 -24, 
"25 = (% P,l - 27)~ 
Uj= -vjp6 for27Ijs32. 
“1 = (p,2u - p, -1+ 27), u2 = (P, -a,3 - 7), 
u3 = (p, -u, -3 + T), 04 = (p,2u - p,l - 27), 
u5 = (Pv -2u + 2p,o), u, = (20 - p, --(I + p,2 + 7) 
u7 = (20 - p, -p, -1 + 27), &3 = (20 - p, -p,l - 27), 
u9 = (20 - p, -u + p, -2 - T), 010 = (20 - P, 20, o), 
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uj = -ujplo for 11 rj 5 20, u21 = (-40 + 3p,o,o), 
~22 = (20 - p,3a - 2p,3 - T), u23 = (2~ - p, -40 + 2p,O), 
U 24 = (20 - lb30 - 2p, -3 + 7), u2s = (2a - p, -fJ + p,4 - 37), 
U 26=(20.-p,-~+p,-4+37), uj= -uje6 for27sjs32. 
3. Case y = y4: 
u1= (p,2a - p, -1 + 24, u2 = (P, -093 - 7), 
u3 = (p, -u, -3 + T), u4 = (p,2u - p,l - 24 
05 = (P, -2cJ + 2P,O), u, = (2a - p, -u + p,2 + 7), 
u7 = (2u - p, -p, -1 + 24, us = (2u - p, -p,l - 27), 
u9 = (20 - p, -u + p, -2 - T), UlO = (20 - PATO), 
Oj = -Ujp10 for 11 Ij 5 20, U 21 = (20 + PAO), 
u22 = (P, -a,1 + 34, u23 = (P, -2&o), 
U24 = (p, -U, -1 - 3T), u2s = (P? (J + p, -2 - 7), 
0X, = (P, 0 + P,2 + T), uj = - uje6 for 27 5 j I 32. 
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